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We investigate spatial adiabatic passage processes for sound waves propagation in sonic crystals,
consisting of steel cylinders embedded in a water host medium, that present two linear defects.
This work constitutes an extension of the well-known quantum optical rapid adiabatic passage
technique to the field of sound propagation. Several spatial adiabatic passage devices are proposed,
by appropriately designing the geometry of the two linear defects along the propagation direction,
to work as a coherent multifrequency adiabatic splitter, a phase difference analyzer and a coherent
multifrequency adiabatic coupler. These devices are robust in front of fluctuations of the geometric
parameter values.
I. INTRODUCTION
A unique feature of the adiabatic passage processes,
which consist in the adiabatic following of an eigenvector
of a system, is their working robustness against fluctua-
tions of the parameter values. Adiabatic passage pro-
cesses have been successfully studied in several areas
of physics, such as Quantum Optics, Ultracold Atoms,
and light propagation in coupled waveguide systems.
In Quantum Optics, two techniques have been exten-
sively studied, the so-called stimulated Raman adiabatic
passage1 (STIRAP) and the rapid adiabatic passage2,3
(RAP). In both cases, an eigenstate of an atomic sys-
tem interacting with a specific sequence of laser pulses
is modified in time and adiabatically followed, achieving
a complete and robust transfer of population between
two internal atomic levels of the system. Adiabatic pas-
sage processes have been extended to the external degrees
of freedom of Ultracold Atoms,4 being proposed for the
transport of single atoms between the most distant traps
of a system of three tunneling-coupled potential wells, the
so-called spatial adiabatic passage. Subsequently, spatial
adiabatic passage processes have also been discussed for
the transport of electrons,5 Bose–Einstein condensates
(BECs)6–9 and holes,10 for state11 and velocity12 filter-
ing of neutral atoms and also to transfer13 and generate
angular momentum states.14
Spatial adiabatic passage for light propagation in a sys-
tem of three total internal reflection (TIR) coupled op-
tical waveguides has been experimentally reported.15,16
In this case, a supermode of a triple-waveguide system
is adiabatically modified and followed along the propa-
gation direction, achieving a complete light transfer be-
tween the outermost waveguides of the system. Ap-
plications of the light spatial adiabatic passage, such
as a polychromatic beam splitter17 and a spectral
filter,18 have been successfully experimentally demon-
strated. Light guiding in waveguides has been broadly
studied, being TIR waveguides the most technologically
developed.19 However, the introduction of photonic crys-
tals (PhCs)20–22 provided a new way of light guiding by
means of linear defects, consisting in rows with unitary
cells with a modified geometry,23–26 which could be in-
tegrated in much smaller sizes than the traditional TIR
waveguides. Linear defects allow for light guiding due to
the creation of propagation bands within the band gap
frequencies.
In analogy with the PhCs, phononic crystals (PCs)
were introduced27–31 in the field of sound waves propa-
gation, leading to numerous new physical phenomena for
sound waves such as negative refraction and focusing,32,33
nondiffractive propagation,34–36 or angular band gaps,37
to cite a few. As well, sound guiding in linear defects in
PCs has been studied,38–44 including systems of coupled
linear defects.45
In this work, spatial adiabatic passage processes for
sound waves propagation in linear defects are addressed
for the first time to the best of our knowledge. We will
extend the well-known quantum optical rapid adiabatic
passage technique to sound propagation to propose novel
sonic devices working as coherent multifrequency adia-
batic splitters, phase difference analyzers and coherent
multifrequency adiabatic couplers. In particular, we will
investigate the sound propagation in systems of two lin-
ear defects in sonic crystals (SCs).46,47 SCs are a par-
ticular case of PCs that consist of solid scatterers em-
bedded in a fluid host medium. SCs permit considering
the propagation of only longitudinal waves, which consti-
tutes an important simplification. Furthermore, SCs are
experimentally relevant since, for example, they allow for
measurements inside the crystal.37
This paper is organized as follows. In Section II we will
present the considered physical system consisting of two
coupled linear defects in a SC, and we will calculate the
allowed bands into the band gap and their corresponding
supermodes. We will also distinguish between two differ-
ent frequency ranges inside the band gap, one where two
supermodes coexist, and another range with only one su-
permode available. In Section III, for the frequency range
in which both supermodes exist, we will study spatial
adiabatic passage processes through the coupled-mode
equations, and we will design a coherent multifrequency
adiabatic splitter, in Subsection III A, and a phase dif-
ference analyzer, in Subsection III B. In Section IV, we
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2will focus on the frequency range with only one super-
mode, for which we will design spatial adiabatic passage
processes that will make the system behave as a coher-
ent multifrequency adiabatic splitter and as a coupler.
Finally, in Section V, we will present the conclusions.
II. PHYSICAL SYSTEM
We consider a two-dimensional square lattice SC made
of steel cylinders (filling medium) immersed in water
(host medium) containing linear defects. In the following,
we will assume that the steel cylinders are a rigid mate-
rial, disregarding transversal waves in the cylinders. This
approximation, although it can slightly shift the bands in
frequency,48 it is commonly used to describe the quali-
tative behavior of those processes which do not critically
depend on a particular set of parameter values, and/or
to show the existence of new physical phenomena.35,36
In this context, the propagation of sonic waves in SCs
consisting of two different materials can be described by
the following linear equations:34
ρ
∂v
∂t
= −∇p, (1a)
∂p
∂t
= −B∇ · v, (1b)
where B(r) is the bulk modulus, ρ(r) is the density, p(r, t)
is the pressure field and v(r, t) is the velocity vector field.
Merging Eqs. (1a) and (1b) it is possible to obtain the
wave equation for the pressure field describing the sound
propagation in an inhomogeneous medium:
1
B
∂2p
∂t2
−∇ ·
(
1
ρ
∇p
)
= 0. (2)
Considering sound beams with harmonic temporal de-
pendence and Fourier expanding B(r) and ρ(r) since they
are periodic functions with the periodicity of the lattice,
equation (2) can be solved by means of the plane wave ex-
pansion (PWE) method, which gives an eigenvalue prob-
lem equation:28,29,34∑
G′
[ω2b−1G−G′ − ρ−1G−G′(k + G) · (k + G′)]pk,G′ = 0, (3)
where ω is the angular frequency of the plane waves di-
vided by the sound velocity in the host medium, ch, k
is a two-dimensional Bloch vector belonging to the ir-
reducible Brillouin zone, G and G′ are vectors of the
reciprocal lattice, pk,G′ is the coefficient for the pressure
field expanded following the Bloch-Floquet theorem
p(r) = eik·r
∑
G′
pk,G′e
iG′·r, (4)
and b−1G−G′ and ρ
−1
G−G′ are the Fourier coefficients of the
inverted relative values of the bulk modulus, B¯(r)−1 =
Bh/B(r), and the density, ρ¯(r)
−1 = ρh/ρ(r), respec-
tively. Here, Bh and ρh are the bulk modulus and the
density of the host medium, respectively.
In the case of a SC consisting of only two different
materials, the values of the coefficients b−1
G¯
and ρ−1
G¯
, with
G¯ = G−G′, can be found by integrating over the filled
area (corresponding to steel) inside the two-dimensional
unit cell. For ρ−1
G¯
one obtains28,29,34
ρ−1
G¯
=

1
A
∫∫
1
ρ¯(r)
dr =
ρh
ρc
f + (1− f), for G¯ = 0 (5)
1
A
∫∫
e(iG¯·r)
ρ¯(r)
dr, for G¯ 6= 0 (6)
where A is the area of the unit cell, f is the filling factor,
and ρc is the density of the filling material. In the case of
a square lattice and a SC formed by cylinders of radius
r0, Eq. (6) takes the following form:
ρ−1
G¯
=
(
ρh
ρc
− 1
)
2f
J1(|G¯|r0)
|G¯|r0
, for G¯ 6= 0, (7)
where J1 is the Bessel function of the first kind. The
expressions for b−1
G¯
can be obtained analogously.34
The eigenvalues of Eq. (3) can be numerically obtained
and correspond to the frequencies of the allowed propa-
gation bands in the SC. Once the frequencies are known,
by using Eq. (4) one can calculate the supermodes of the
structure, i.e., the pressure field p(r).
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FIG. 1. (Color online) Schematic representation of the square
lattice SC with (a) one linear defect and (b) two linear de-
fects separated by a single row. The supercells are boxed
with a dashed line. The SC considered in this work has
a lattice constant of a = 5 mm and consists of steel cylin-
ders of radius r0 = 2.25 mm (ρc = 7.8 × 103 kg m−3 and
Bc = 160×109 N m−2) immersed in water (ρh = 103 kg m−3,
Bh = 2.2× 109 N m−2).
A way to create linear defects in SCs consists in adding
rows of cylinders with different radii to the ones forming
the square lattice. If we introduce one linear defect com-
posed of cylinders of radius rd (see Fig. 1(a)), bands cor-
responding to the modes of the individual waveguide are
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FIG. 2. (Color online) Projected band diagrams for two linear defects of radii (a) rdU = rdL = 0 and (b) rdU = 0 and
rdL = 1.2 mm, and for a single linear defect of radius (c) rd = 0 and (d) rd = 1.2 mm, in a SC with the same parameter values
as in Fig. 1. In (a) and (b) figures, we show the S band, as a dark gray (green in the online version) solid line, and the A
band, as a black (red in the online version) solid line, that will be used for the control of sound propagation. The light gray
(orange in the online version) solid line band corresponds to a higher order supermode. Due to its antisymmetric transverse
profile within one waveguide, this higher order supermode will not be excited by the considered input source with a Gaussian
transverse pressure profile and it will not be taken into account in the rest of this work. The supermodes for the S and A
bands are shown for a frequency 1.9× 105 Hz by plotting the pressure field. The higher order supermode is also shown in (b)
for a frequency 2.05 × 105 Hz. In (a) and (b) the frequency regions where both the S and A supermodes coexist are marked
with a light gray shadow (light yellow in the online version), and where only the A supermode exists is marked with a gray
shadow (light red in the online version). (c) and (d) figures allow for the comparison of both, the projected band diagrams
and the supermodes, corresponding to a single linear defect with the two-linear-defect case. The supermodes in (c) and (d) are
represented for a frequency 1.9 × 105 Hz. In all the projected band diagrams the dotted lines correspond to additional bands
that will not be investigated in this work.
obtained into a frequency band gap in the projected band
diagram of the SC, allowing for sound guiding inside the
SC. Similarly, if we introduce two parallel linear defects
with radii rdU (for the upper one) and rdL (for the lower
one) separated, for example, by one row of cylinders of
radius r0 (see Fig. 1(b)), bands corresponding to differ-
ent supermodes of the system appear into the band gap
of the projected band diagram. For the calculation of the
projected band diagrams of the structures with linear de-
fects it is necessary to change the unit cell of the SC to
a supercell, which contains several of the previous unit
cells in the y direction, as shown in Fig. 1. The PWE
method can also be used in this case.44 However, b−1
G¯
and
ρ−1
G¯
have to be recalculated for the corresponding super-
cell with Eq. (6). For the case of one linear defect in
a supercell containing nine cylinders (Fig. 1(a)), Eq. (6)
becomes:
ρ−1
G¯
=
(
ρh
ρc
− 1
)
2pi
9a2
[
rd
J1(|G¯|rd)
|G¯| +
2r0
J1(|G¯|r0)
|G¯|
4∑
j=1
cos(jG¯ya)
 ,
for G¯ 6= 0. (8)
On the other hand, for the case of two defects separated
by a single row in a supercell containing nine cylinders
(Fig. 1(b)), Eq. (6) reads:
ρ−1
G¯
=
(
ρh
ρc
− 1
)
2pi
9a2[
rdU
J1(|G¯|rdU )
|G¯| e
iG¯ya + rdL
J1(|G¯|rdL)
|G¯| e
−iG¯ya+
2r0
J1(|G¯|r0)
|G¯|
1/2 + 4∑
j=2
cos(jG¯ya)
 ,
for G¯ 6= 0. (9)
The corresponding expressions for b−1
G¯
are analogous to
Eq. (8) and Eq. (9).
Fig. 2 shows the projected band diagrams obtained us-
ing the PWE method for (a) a SC with two equal defects
corresponding to the absence of cylinders (rdU = rdL =
0), (b) a SC with two defects of very different radius,
rdU = 0 (one empty row) and rdL = 1.2 mm, (c) a SC
with a single empty defect (of radius rd = 0) and (d) a
SC with a single defect of rd = 1.2 mm. In Fig. 2 we
also represent the supermodes for the most relevant al-
lowed bands, which have been calculated using Eq. (4).
In this work we will focus in two of the obtained bands
4for the case of two linear defects (Figs. 2(a) and (b)),
one represented as a dark gray solid line (green in the
online version) which we will call S (as it corresponds to
a symmetric supermode when both linear defects are of
equal radius), and one represented as a black solid line
(red in the online version) which we will call A (as it
corresponds to an antisymmetric supermode when both
defects are equal). It is worth to note that in Fig. 2(b)
there is another band (light gray solid line or orange color
in the online version) which significantly overlaps in fre-
quencies with the A band. This band corresponds to
a higher order supermode of the system with an anti-
symmetric transverse profile within one waveguide (see
Fig. 2(b)). Thus, this supermode will not be excited by
the sound source that will be used, which has a sym-
metric transverse profile centered at the linear defect (a
Gaussian transverse pressure profile). Figs. 2(c) and (d)
allow for the comparison of both, the projected band di-
agrams and the supermodes, for a single and a two linear
defect case. We have plotted one of the bands as a dark
gray solid line (green in the online version) in Fig. 2(c)
and one as a black solid line (red in the online version)
in Fig. 2(d), similarly as in Figs. 2(a) and (b).
Let’s continue now with the two linear defect case. In
Fig. 2(a) we can see that when the two defects are equal,
both supermodes (S and A) spread equally into the two
defects. However, when the defects have significant dif-
ferent radii (Fig. 2(b)), the S supermode is localized in
the linear defect with smallest radius (rdU = 0 in the
figure) whereas the A supermode stays localized in the
linear defect with larger radius (rdL = 1.2 mm in the fig-
ure). In general, the transverse amplitude profiles of the
supermodes can be modified by changing the difference
between the radii sizes: the more different the radii of
two defects are, the more localized the supermodes are
in one of the defects. Thus, if one of the supermodes of
the system is excited, either the S or the A, by smoothly
changing the radii of the linear defects along the propa-
gation direction it is possible to adiabatically follow the
initially excited supermode of the system, which, due to
the radii modification, will smoothly change its transver-
sal amplitude profile along the propagation direction.49
This adiabatic following, which corresponds to the so-
called spatial adiabatic passage process,4–10,15,16 allows
for the control of the sound propagation along linear de-
fects in SCs. If the radius modification is not smoothly
performed, sound waves will not be able to adiabatically
follow the change of the transverse profile of the initially
excited supermode along the propagation direction, ex-
citing other supermodes of the system and we would lose
the control of sound propagation. It is important to re-
mark that spatial adiabatic passage processes have the
advantage that they are robust in front of variations of
the parameter values. In our case, fluctuations in the
size of the defects are not critical to perform a spatial
adiabatic passage process, only a smooth enough varia-
tion of the radii size is needed to adiabatically follow the
considered supermode.
III. TWO-SUPERMODE CASE
The propagation of sound along two defects for fre-
quencies in which both S and A supermodes exist (light
gray shadow in Figs. 2(a) and (b), or yellow in the online
version) can be approximately described by the coupled-
mode equations, as it can be done for TIR waveguides19
or photonic crystal linear defects.50 For the most general
case of two coupled waveguides, coupled-mode equations
can be written as:
i
d
dz
(
CU (z)
CL(z)
)
=
1
2
(
2kU (z) −ΩLU (z)
−ΩUL(z) 2kL(z)
)(
CU (z)
CL(z)
)
,
(10)
where kU (kL) is the propagation constant of the individ-
ual upper (lower) waveguide, ΩUL (ΩLU ) is the coupling
coefficient from the upper to the lower (from the lower to
the upper) waveguide, and CU (CL) represents the ampli-
tude function of the field in the upper (lower) waveguide.
For the case of sound, the total pressure field in a system
of two coupled sonic waveguides can be expressed as
p(y, z) =
∑
i=U,L
Ci(z)pi(y), (11)
where pU (pL) is the mode of only the upper (lower)
waveguide. The velocity field can be described similarly.
It is possible to diagonalize Eq. (10) in order to obtain
the expressions for the pressure field corresponding to
the S supermode, p+(z), and the A supermode, p−(z),
as a function of the parameters of the individual linear
defects:
p+(z) =
 cos θ/√ΩULΩLU sin2 θ + cos2 θ√
ΩUL
ΩLU
sin θ/
√
ΩUL
ΩLU
sin2 θ + cos2 θ
 , (12)
p−(z) =
 sin θ/√sin2 θ + ΩULΩLU cos2 θ
−
√
ΩUL
ΩLU
cos θ/
√
sin2 θ + ΩULΩLU cos
2 θ
 ,
(13)
where the mixing angle θ is defined by
tan 2θ =
√
ΩULΩLU
∆k
, (14)
with ∆k = kL − kU . The propagation constants of the
p+(z) and p−(z) supermodes are
k± =
kU + kL ∓
√
ΩULΩLU + ∆k
2
2
. (15)
In order to modify, along the propagation direction,
the p+ and p− supermodes obtained from the coupled-
mode equations, it is necessary to change the couplings
and thus, the mixing angle θ (see Eqs. (12) and (13)),
which depends on the ratio
√
ΩULΩLU/∆k, as shown in
Eq. (14). This ratio, and therefore the supermode trans-
verse profiles, can be controlled by modifying the radii of
5the defects. Thus, the coupled-mode equations (10) allow
us to easily confirm that, as we have discussed in Section
II, by smoothly changing the radii of the linear defects it
is possible to modify and follow the S and A supermodes
of the system and control the sound propagation. Cal-
culating the projected band diagrams for a single defect
with Eq. (3), Eq. (5) and Eq. (8) it is straightforward
to check that the value of |∆k| = |kL − kU | increases by
making the defect radii progressively different between
them (see Figs. 2(c) and (d)). In the case in which the
defects are equal, rdU = rdL, then ∆k = 0. The values of
the couplings
√
ΩULΩLU can be found by using Eq. (15),
since k± can be obtained from the band diagrams with
two defects in the SC. Thus, it can be checked that when
the radii of the defects are equal, |∆k|  √ΩULΩLU and
θ = pi/4. Whereas when |rdL − rdU |  0, the condition
|∆k|  √ΩULΩLU is fulfilled and θ is equal to either 0 or
pi/2, depending on the sign of ∆k. In this way, by chang-
ing the difference between the radii of the linear defects,
it is possible to modify the mixing angle θ from either 0
or pi/2, corresponding to the S and A supermodes local-
ized in only one of the defects, to pi/4, where the S and
A supermodes are equally spread between the two linear
defects. This is in agreement with the results shown in
Figs. 2(a) and (b).
Additionally, the coupled-mode equations provide a
useful analogy between propagation of waves along two
coupled waveguide systems and the time evolution of the
population in two-level atomic systems interacting with
a laser beam. In fact, the protocol to modify and fol-
low the S and A supermodes presented here resembles
the well-known quantum-optical rapid adiabatic passage
(RAP) technique,2,3 which allows for a coherent control
of atomic population in a system of two internal atomic
states interacting with a chirped laser pulse.
A. Coherent multifrequency adiabatic splitter
In this section we will apply the previous ideas coming
from the coupled-mode theory in order to obtain a robust
50% coherent superposition of sound waves at the output
of a SC with two coupled linear defects. To this aim,
we need to modify the mixing angle θ from either 0 or
pi/2 to pi/4. For example: if we consider that at the
input of the system only the upper linear defect is excited
(CU = 1 and CL = 0) and the radii are different enough
so ∆k is large compared to
√
ΩULΩLU , then θ = 0 and
only the S supermode p+(zinitial) is excited. Thus, if
along the z propagation direction the defect radii become
progressively more similar (reaching equal values at the
output of the system), ∆k decreases making
√
ΩULΩLU
large compared to ∆k, and θ evolves adiabatically from 0
up to pi/4. At the output of the system, where the linear
defects are equal and θ = pi/4, the followed S supermode
p+(zfinal) in Eq. (13) corresponds to have 50% of the field
in each of the two linear defects. Fig. 3 schematically
represents the evolution of the mixing angle θ and the
amplitude in each linear defect provided by the coupled-
mode equations. As summarized in table I, there are four
possible ways to achieve the 50% power superposition at
the output of the two coupled linear defects.
pi/4
(a) (b)
θ
1
0 0
|CU |2
|CL|2
z z
FIG. 3. (Color online) Schematic representation of the evo-
lution of (a) the mixing angle θ and (b) the field intensity in
the upper and lower defects.
Sign of Injection Mixing angle Followed
∆k = kL − kU evolution supermode
+ CU = 1, CD = 0 0⇒ pi/4 p+(z)
+ CU = 0, CD = 1 0⇒ pi/4 p−(z)
− CU = 1, CD = 0 pi/2⇒ pi/4 p−(z)
− CU = 0, CD = 1 pi/2⇒ pi/4 p+(z)
TABLE I. Four possible situations for which, at the output of
the device, the field injected in one of the linear defects ends
up in a 50% superposition between the two parallel coupled
linear defects.
We have designed a structure following the example
above described (corresponding to the first row of ta-
ble I) and performed numerical simulations by integrat-
ing Eq. (1) with the Finite Element method in order to
confirm the predictions of the coupled-mode equations for
the 50% splitting. Fig. 4 shows the results of the numer-
ical simulation of sound waves of frequency 1.9× 105 Hz
propagating through the designed structure. We can see
how the initial input beam injected in the upper defect
is equally split into the two linear defects at the output.
The input linear defect consists of an empty row and
the second linear defect consists of cylinders that change
their radius from rdL = 2.25 mm (the size of the cylin-
ders in the SC) to rdL = 0. The two linear defects are
separated by one row of the SC.
Considering PU,out and PL,out as the power integrated
over the width of the upper and the lower linear de-
fects (5 mm), respectively, Fig. 5(a) plots the normal-
ized power at the two outputs, P˜U,out = PU,out/Pout
and P˜L,out = PL,out/Pout as a function of the frequency,
where Pout = PU,out + PL,out. On the other hand,
Fig. 5(b) shows the normalized total power reaching the
outputs relative to the maximum power at the two out-
puts, i.e., P˜out = Pout/max(Pout). We can observe that
the adiabatic splitting works for a significantly broad
range of frequencies from 1.71× 105 Hz to 1.95× 105 Hz,
in agreement with the available frequencies for the S su-
permode in the band diagrams for the different positions
along the propagation, see Figs. 2(a) and (b). Thus, this
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FIG. 4. (Color online) Numerical simulation of the total intensity field for the propagation of a harmonic sound wave along the
SC with two linear defects acting as a coherent beam splitter structure for a frequency of 1.9×105 Hz. The parameter values of
the SC are the same as in Fig. 1. The upper linear defect consists of a row empty of cylinders whereas the lower linear defect
smoothly changes its radius from rdL = 2.25 mm to rdL = 0. The considered input source is a harmonic wave with a Gaussian
transverse profile centered at the upper defect. Its full-width at half maximum for the pressure field is of 5 mm in order to
approximately match the linear defect supermode profile.
(b)
×105Frequency (Hz)
(a)
0 0.2 0
2 0.4 0
4 0.6 0
6 0.8 1
0 0
8 1
0 0.2 0
2 0.4 0
4 0.6 0
6 0.8 1
0 0
8 1
1.7 1.8 1.9 2
P˜
U
,o
u
t,
P˜
L
,o
u
t
P˜
o
u
t
FIG. 5. (Color online) (a) Normalized power at the upper
P˜U,out (red dots) and lower P˜L,out (blue squares) outputs,
and (b) normalized total power reaching the outputs, P˜out, as
a function of the frequency.
structure constitutes a coherent multifrequency adiabatic
splitter. The splitting process works for different frequen-
cies as long as it is possible to follow adiabatically the S
supermode. If the supermode is not adiabatically fol-
lowed, for example because of a too sudden change of
the radius of the defect, the A supermode (or even some
other higher supermodes) would be excited, limiting the
efficiency of the splitting. As long as the adiabaticity con-
dition is fulfilled, the length of the device is not a critical
parameter in order to maintain an equal splitting. For
longer devices as compared to the one here proposed, the
adiabaticity of the process will also be successfully ful-
filled and the splitting will be efficient for all the range
of frequencies of the S supermode. However, for shorter
devices, some oscillations in the splitting efficiency might
start appearing as a result of the impossibility to adia-
batically follow the S supermode.
B. Phase difference analyzer
A structure similar to the one described in Section III A
can be designed in order to measure the phase difference
between two sound beams. In this case, at the input
the two defects are empty of cylinders, being θ = pi/4
and both the S and the A supermodes spread equally
into the two defects, see Fig. 2(a). Along the propaga-
tion direction, the defect radius of the lower linear defect
smoothly increases its size up to rdL = 1.2 mm, while the
upper defect remains without cylinders, rdU = 0. Thus,
at the output of the system, since the radii of the de-
fects are significantly different, ∆k  √ΩULΩLU , θ = 0,
and the S supermode is localized in the upper waveguide
while the A one is localized in the lower defect, as shown
in Fig. 2(b). Now we consider that two monochromatic
sound beam sources of the same frequency are placed at
the input of the system, each one in front of one of the
two linear defects. If the sources are in phase, only the S
supermode will be excited, sound waves will follow adi-
abatically the supermode along the propagation and at
the output of the device there will be only sound inten-
sity in the upper output for which rdU = 0. On the other
hand, if the two sources are in opposite phase, only the A
supermode will be excited and sound waves will follow it
adiabatically ending up into the lower output for which
rdL = 1.2 mm. In general, one can consider any phase
difference ϕ between the input sources. In this case, the
normalized initial field for two sources of equal intensity
can be expressed as:
ψin =
1√
2
(
1
eiϕ
)
. (16)
The S and A supermodes given by the coupled-mode
equations, Eq. (12) and Eq. (13), at the input where the
two defects are equal read:
p+(0) =
1√
2
(
1
1
)
, (17)
p−(0) =
1√
2
(
1
−1
)
. (18)
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FIG. 6. (Color online) Projected band diagrams for two linear defects of radii (a) rdU = rdL = 0 and (b) rdU = 0 and
rdL = 1.2 mm including the surrounding rows of radius rdS = 2.5 mm. We plot the S and the A bands that are used for the
control of sound propagation, with the same notation as in Fig. 2. The supermodes for the S and A bands are shown for a
frequency of 1.9 × 105 Hz. Note that the sound pressure of these supermodes is more confined into the linear defects than in
Figs. 2(a) and (b).
Projecting ψin into the S and A supermodes and tak-
ing the modulus square, it is possible to find the sound
intensity that excites each supermode, I+ and I−:
I+ = |p+(0)T ψin|2 = 1
2
(1 + cosϕ) (19)
I− = |p−(0)T ψin|2 = 1
2
(1− cosϕ). (20)
Since at the output of the system the S supermode corre-
sponds only to sound intensity in the upper linear defect
(I+ = IU,out), and the A supermode to sound intensity
in the lower linear defect (I− = IL,out), it is possible to
measure the initial phase difference ϕ between the two
sources of the same power by measuring the intensities
at the two linear defect outputs:
ϕ = ± arccos
(
IU,out − IL,out
IU,out + IL,out
)
. (21)
Thus, this structure of linear defects can be used as a
phase difference analyzer.
In order to enhance the working efficiency of the phase
difference analyzer, the radius of the cylinders surround-
ing the linear defects (the cylinders corresponding to the
rows above the upper linear defect, between the linear
defects and below the lower linear defect) have values
smoothly changing from rdS = 2.5 mm to rdS = 2.25 mm
in the first 10 columns of the SC, and from rdS = 2.25 mm
to rdS = 2.5 mm in the last 10 columns. In this way,
the sound waves are more confined into the waveguides
and, therefore, it is easier to correctly excite the S and
A supermodes with the two sound sources and, in turn,
allows for a better identification of the final intensity at
each output. The fact that the supermodes are more
confined when they are surrounded by rows of radius
rdS = 2.5 mm has been checked by comparing the band
diagrams and the S and the A supermodes obtained with
these extra thicker rows surrounding the linear defects
plotted in Fig. 6 with the diagrams and supermodes
shown in Figs. 2(a) and (b). These new band diagrams
have been determined by considering the surrounding
rows as new linear defects of radius rdS and recalculating
Eq. (6):
ρ−1
G¯
=
(
ρh
ρc
− 1
)
2pi
9a2[
rdU
J1(|G¯|rdU )
|G¯| e
iG¯ya + rdL
J1(|G¯|rdL)
|G¯| e
−iG¯ya+
2rdS
J1(|G¯|rdS)
|G¯|
(
1/2 + cos(2G¯ya)
)
+
2r0
J1(|G¯|r0)
|G¯|
4∑
j=3
cos(jG¯ya)
 , for G¯ 6= 0. (22)
The expressions for b−1
G¯
can be analogously calculated.
Fig. 7 shows the results for the sound propagation ob-
tained by numerical integrating Eq. (1) using the Finite
Element method and considering that the sound sources
have a Gaussian transverse pressure profile with a full-
width at half maximum of 5 mm, and are centered at
each linear defect. We can observe the intensity of the
sound waves of frequency 1.9× 105 Hz propagating along
the designed structure for three different values of the
phase difference ϕ between the input sources: (a) 0, (b)
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FIG. 7. (Color online) Numerical simulations of the intensity of a harmonic sound wave propagating along the SC with two
linear defects acting as a phase difference analyzer, with a phase difference between the two input sources of (a) ϕ = 0, (b)
ϕ = pi/2 and (c) ϕ = pi for a frequency of 1.9× 105 Hz. The parameter values for the SC are the same as in Fig. 1. The upper
linear defect consists of a row empty of cylinders whereas the lower linear defect smoothly changes its radius from rdL = 0 to
rdL = 1.2 mm. The first 10 columns surrounding the linear defects have radii ranging from rdS = 2.5 mm to rdS = 2.25 mm
and vice-versa for the last 10 surrounding columns. The two sound sources have a Gaussian transverse pressure profile with a
full-width at half maximum of 5 mm, and they are centered at each linear defect.
pi/2 and (c) pi. We can clearly see that the intensity at
the output depends on the phase difference and that for
ϕ = 0 (ϕ = pi) only the S (A) supermode is excited and
followed, while for ϕ = pi/2 both supermodes are equally
excited and followed. Fig. 8(a) shows the dependence
of the output intensity in each waveguide on the phase
difference, which follows the expected behavior (Eq. (19)
and Eq. (20)). Thus, it is possible to obtain the mea-
sured phase difference using Eq. (21) as a function of the
known phase difference introduced between the sources
(Fig. 8(b)). The results from the numerical simulations
are in good agreement with the analytical ones. Small
discrepancies arise only close to 0 and pi phase differ-
ences. This is due to the impossibility to completely de-
couple the two linear defects at the input and the output
of the system. Nevertheless, a proper calibration of the
device would allow for the assignment of a real value of
the phase difference to every measured value.
The results shown above correspond to a frequency of
1.9×105 Hz, which is approximately in the middle of the
frequency range where both S and A supermodes coexist,
see Figs. 2(a) and (b). For this reason, both supermodes
are excited with similar intensities. However, for other
frequencies surrounding that frequency, one of the super-
modes will be excited with slightly more intensity than
the other one. Nevertheless, the system can still be used
for the measurement of the phase difference between two
beams by adjusting the normalization in Eq. (17) and
Eq. (18), and also calibrating the obtained outputs.
IV. ONE-SUPERMODE CASE
Up to now we have studied sound propagation in two
parallel linear defects for frequencies in which both S and
A supermodes exist. Nevertheless, from Figs. 2(a) and
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FIG. 8. (Color online) (a) Numerically calculated intensity in
each waveguide output as a function of the phase difference
between the input sources. The results follow those expected
from Eq. (19) and Eq. (20), represented with a dashed black
curve. (b) The solid line represents the measured phase dif-
ference from the numerical simulations using Eq. (21) as a
function of the known phase difference between the sources.
The black dashed curve corresponds to the ideal measurement
given by Eq. (21) together with Eq. (19) and Eq. (20).
(b) it is clear that there are frequencies in which only
one of the supermodes can propagate. In particular,
marked with a gray (red in the online version) shadow in
Figs. 2(a) and (b), there is a quite broad range of frequen-
cies where only the A supermode is present. For these
frequencies it is not possible to use the coupled-mode
theory since only one supermode is available. However,
it is still possible to adiabatically modify and follow the
A supermode of the system by smoothly modifying the
radius size of the defects along the propagation direction.
In fact, the absence of the S supermode significantly re-
laxes the smoothness condition for the change in radii
size of the linear defects along the propagation direction.
Therefore, in this range of frequencies it is possible to
design much shorter SC structures for applications that
only require the following of a single supermode.
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FIG. 9. (Color online) (a) Numerical simulation of the inten-
sity of a harmonic sound wave propagating with a frequency
of 2.08× 105 Hz along the SC with two linear defects for the
coherent beam splitter structure. The sound source trans-
verse profile is the same as in Fig. 4 but centered at the lower
defect. (b) Normalized power at the upper P˜U,out (red dots)
and lower P˜L,out (blue squares) outputs as a function of the
frequency with respect to the total power at the output.
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FIG. 10. (Color online) (a) Numerical simulation of the inten-
sity of a harmonic sound wave propagating with a frequency
of 2.08× 105 Hz along the SC with two linear defects for the
robust complete transfer structure. The sound source trans-
verse profile is the same as in Fig. 4 but centered at the lower
defect. (b) Normalized power at the upper P˜U,out (red dots)
and lower P˜L,out (blue squares) outputs as a function of the
frequency with respect to the total power at the output.
This is the case of the coherent multifrequency adia-
batic splitter, where by designing a structure with two
linear defects starting with very different radii of the de-
fects, rdL = 1.5 mm and rdU = 0, and ending with de-
fects of the same size, rdL = rdU = 0.5 mm, it is possi-
ble to modify the transverse profile of the A supermode
from being very localized in one of the defects to equally
spread in the two linear defects. In Fig. 9(a) we show the
sound intensity propagation for this case. Additionally,
Fig. 9(b) plots the normalized power with respect to the
total power at the upper P˜U,out and lower P˜L,out outputs
as a function of the frequency. We can see that for fre-
quencies from 2 × 105 Hz to 2.13 × 105 Hz, which is the
range in which only the A supermode is present, there is
a 50% splitting of the sound intensity. Although the re-
sults here show a narrower range of working frequencies
and a bit higher oscillations of the total power reaching
the output as compared to the one presented in Section
III A, the structure can be significantly shortened (ap-
proximately 5 times with respect to the one presented in
Section III A).
Additionally, given the short length of the splitter, it is
possible to design a structure made of two of them, one
after the other, with the second one rotated by 180 de-
grees with respect to the first one. By doing this, sound
waves initially in one of the linear defects are completely
transferred to the other linear defect by adiabatically fol-
lowing the A supermode, see Fig. 10(a). Fig. 10(b) shows
the range of frequencies in which the complete transfer
works efficiently, which as expected coincides with the
case of the one-supermode splitter.
V. CONCLUSIONS
We have demonstrated for the first time to the best
of our knowledge the possibility to apply spatial adia-
batic passage processes to the field of sound waves prop-
agation in linear defects. Sonic crystals with two linear
defects that change their geometry along the propaga-
tion direction are designed in order that the sound waves
adiabatically follow a supermode of the system. Two dif-
ferent frequency ranges within the band gap are studied.
First, a frequency range in which two supermodes of the
system coexist. For this frequency range, two structures
have been designed working as a coherent multifrequency
adiabatic splitter and as a phase difference analyzer. Sec-
ond, a range of frequencies in which only one of the super-
modes exists. In this range of frequencies, a reduction in
length of the designed structures is possible since transi-
tions to any other supermode are strongly suppressed. A
coherent multifrequency adiabatic splitter and a coupler
have been designed for this range of frequencies. It is im-
portant to note that since these applications are based on
spatial adiabatic passage processes, they are robust and
do not depend on specific parameter values of the physi-
cal system. Additionally, the equations for sound propa-
gation in sonic crystals can be directly related to the TE
or TM modes for light propagation in two-dimensional
systems. Therefore, the applications here discussed could
be easily extended to the field of light propagation in
photonic crystals with linear defects. Furthermore, the
applications described through the coupled-mode equa-
tions could also be extended to other kinds of optical
waveguides such as standard TIR waveguides.
10
ACKNOWLEDGEMENTS
The authors gratefully acknowledge financial support
through the Spanish MICINN contract FIS2011-23719,
the Catalan Government contract SGR2009-00347. R.
M.-E. acknowledges financial support from AP2008-
01276 (MECD). We also acknowledge L. Maigyte for
the given support with the numerical simulations, and
V.J. Sa´nchez-Morcillo for his helpful comments.
1 K. Bergmann, H. Theuer, and B. W. Shore, Rev. Mod.
Phys. 70, 1003 (1998).
2 L. Allen and J. H. Eberly, Optical Resonance and Two-
Level Atoms (Dover, New York, 1987).
3 B. W. Shore, Theory of Coherent Atomic Excitation (Wi-
ley, New York, 1990).
4 K. Eckert, M. Lewenstein, R. Corbala´n, G. Birkl, W. Ert-
mer, and J. Mompart, Phys. Rev. A 70, 023606 (2004).
5 A. D. Greentree, J. H. Cole, A. R. Hamilton, and Lloyd C.
L. Hollenberg, Phys. Rev. B 70, 235317 (2004).
6 E. M. Graefe, H. J. Korsch, and D. Witthaut, Phys. Rev.
A 73, 013617 (2006).
7 M. Rab, J. H. Cole, N. G. Parker, A. D. Greentree, L. C. L.
Hollenberg, and A. M. Martin, Phys. Rev. A 77, 061602R
(2008).
8 J. H. Cole, A. D. Greentree, L. C. L. Hollenberg, and S.
Das Sarma, Phys. Rev. B 77, 235418 (2008).
9 C. Ottaviani, V. Ahufinger, R. Corbala´n, and J. Mompart,
Phys. Rev. A 81, 043621 (2010).
10 A. Benseny, S. Ferna´ndez-Vidal, J. Baguda`, R. Corbala´n,
A. Pico´n, L. Roso, G. Birkl, and J. Mompart, Phys. Rev.
A 82, 013604 (2010).
11 Yu. Loiko, V. Ahufinger, R. Corbala´n, G. Birkl, and J.
Mompart, Phys. Rev. A 83, 033629 (2011).
12 Yu. Loiko, V. Ahufinger, R. Menchon-Enrich, G. Birkl, and
J. Mompart, submitted to Eur. Phys. J. D.
13 S. McEndoo, S. Croke, J. Brophy, and Th. Busch, Phys.
Rev. A 81, 043640 (2010).
14 R. Menchon-Enrich, S. McEndoo, J. Mompart, V. Ahufin-
ger, and Th. Busch, Phys. Rev. A 89, 013626 (2014).
15 S. Longhi, G. Della Valle, M. Ornigotti, and P. Laporta,
Phys. Rev. B 76, 201101 (2007).
16 R. Menchon-Enrich, A. Llobera, V. J. Cadarso, J. Mom-
part, V. Ahufinger, IEEE Photonics Technology Letters
24, 536 (2012).
17 F. Dreisow, M. Ornigotti, A. Szameit, M. Heinrich, R. Keil,
S. Nolte, A. Tu¨nnermann, and S. Longhi, Appl. Phys. Lett.
95, 261102 (2009).
18 R. Menchon-Enrich, A. Llobera, J. Vila-Planas,
V. J. Cadarso, J. Mompart, and V. Ahufinger, Light:
Science and Applications, 2, e90 (2013).
19 C.-L. Chen, Foundations for guided-wave optics (John Wi-
ley & Sons, New Jersey, USA, 2007).
20 E. Yablonovitch, Phys. Rev. Lett. 58, 2059 (1987).
21 T. F. Krauss, R. M. De La Rue, and S. Brand, Nature
(London) 383, 699 (1996).
22 J. D. Joannopoulos, S. G. Johnson, J. N. Winn, and R.
D. Meade, Photonic Crystals: Molding the Flow of Light
(Princeton University Press, Princeton, NJ, 2008).
23 R. D. Meade, K. D. Brommer, A. M. Rappe, and J. D.
Joannopoulos, Phys. Rev. B 44, 13772 (1991).
24 R. D. Meade, A. Devenyi, J. D. Joannopoulos, O. L. Aler-
hand, D. A. Smith, and K. Kash, J. Appl. Phys. 75, 4753
(1994).
25 A. Mekis, J. C. Chen, I. Kurland, S. Fan, P. R. Villeneuve,
and J. D. Joannopoulos, Phys. Rev. Lett. 77, 3787 (1996).
26 J. D. Joannopoulos, P. R. Villeneuve, and S. Fan, Nature
(London) 386, 143 (1997).
27 M. Sigalas and E. N. Economou, J. Sound Vibration 158,
377 (1992); M. Sigalas and E. N. Economou, Solid State
Commun. 86, 141 (1993).
28 M. S. Kushwaha, P. Halevi, L. Dobrzynski, and B. Djafari-
Rouhani, Phys Rev. Lett. 71, 2022 (1993).
29 M. S. Kushwaha, P. Halevi, G. Mart´ınez, L. Dobrzynski,
and B. Djafari-Rouhani, Phys Rev. B 49, 2313 (1994).
30 F. R. Montero de Espinosa, E. Jime´nez, and M. Torres,
Phys. Rev. Lett. 80, 1208 (1998).
31 J. O. Vasseur, P. A. Deymier, B. Chenni, B. Djafari-
Rouhani, L. Dobrzynski, and D. Prevost, Phys. Rev. Lett.
86, 3012 (2001).
32 X. Zhang and Z. Liu, Appl. Phys. Lett. 85, 341 (2004).
33 S. Yang, J. H. Page, Z. Liu, M. L. Cowan, C. T. Chan, and
P. Sheng, Phys. Rev. Lett. 93, 024301 (2004).
34 I. Pe´rez-Arjona, V. J. Sa´nchez-Morcillo, J. Redondo, V.
Espinosa, and K. Staliunas, Phys. Rev. B 75, 014304
(2007).
35 V. Espinosa, V. J. Sa´nchez-Morcillo, K. Staliunas,
I. Pe´rez-Arjona, and J. Redondo, Phys. Rev. B 76,
140302(R) (2007).
36 E. Soliveres, V. Espinosa, I. Pe´rez-Arjona, V. J. Sa´nchez-
Morcillo, and K. Staliunas, Appl. Phys. Lett. 94, 164101
(2009).
37 V. Romero-Garc´ıa, R. Pico´, A. Cabrecos, K. Staliunas and
V. J. Sa´nchez-Morcillo, Journal of Vibration and Acoustics
135, 041012 (2013).
38 M. Kafesaki, M. M. Sigalas, N. Garc´ıa, Phys. Rev. Lett.
85, 4044 (2000).
39 A. Khelif, B. Djafari-Rouhani, J. O. Vasseur, P. A.
Deymier, P. Lambin, and L. Dobrzynski, Phys. Rev. B
65, 174308 (2002).
40 A. Khelif, B. Djafari-Rouhani, J.-O. Vasseur, and P. A.
Deymier, Phys. Rev. B 68, 024302 (2003).
41 T. Miyashita, Jpn. J. Appl. Phys., Part 1 41, 3170 (2002).
42 A. Khelif, A. Choujaa, B. Djafari-Rouhani, M. Wilm, S.
Ballandras, and V. Laude, Phys. Rev. B 68, 214301 (2003).
43 A. Khelif. A. Choujaa, S. Benchabane, B. Djafari-Rouhani,
and V. Laude, Appl. Phys. Lett. 84, 4400 (2004).
44 J. O. Vasseur, P. A. Deymier, B. Djafari-Rouhani, Y. Pen-
nec, and A.-C. Hladky-Hennion, Phys. Rev. B 77, 085415
(2008).
45 J.-H. Sun and T.-T. Wu, Phys. Rev. B 71, 174303 (2005).
46 R. Mart´ınez-Sala, J. Sancho, J. V. Sa´nchez, V. Go´mez,
J. Llinares, and F. Meseguer, Nature (London) 378, 241
(1995).
47 J. V. Sa´nchez-Pe´rez, D. Caballero, R. Mart´ınez-Sala, C.
Rubio, J. Sa´nchez-Dehesa, F. Meseguer, J. Llinares, and
F. Ga´lvez, Phys. Rev. Lett. 80, 5325 (1998).
11
48 F.-L. Li, Y.-S. Wang, and C. Zhang, Phys. Scr. 84, 055402
(2011).
49 S. G. Johnson, P. Bienstman, M. A. Skorobogatiy, M.
Ibanescu, E. Lidorikis, and J. D. Joannopoulos, Phys. Rev.
E 66, 066608 (2002).
50 F. S.-S Chien, J. B. Tu, W.-F. Hsieh, S.-C. Cheng, Phys.
Rev. B 75, 125113 (2007).
